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Abstract: We find the explicit T-duality transformation in the phase space formulation 
of the N = (1,1) sigma model. We also show that the T-duality transformation is a 
symplectomorphism and it is an element of 0(d,d). Further, we find the explicit T-duality 
transformation of a generalized complex structure in this model. We also show that the 
extended supersymmetry of the sigma model is preserved under the T-duality. 
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1. Introduction 



T-duality is an equivalence between physical observables in string theory on a space-time 
geometry and observables in string theory on a, possibly different, dual space-time geome- 
try. This equivalence holds to all orders in string perturbation theory. The exact relations 
between the dual space-times, for the case where they are non-flat, are the so called Buscher 
rules, derived in Q 0|. Classical T-duality of a sigma model can be described as a gauging, 
and subsequent gaugefixing, of an isometry of the target space Q or as a canonical 
transformation of the corresponding phase space formulation ^, Q . T-duality has been 
studied extensively over the years, for details see the reviews |8[ ||, [h]] and references 
therein. For an introduction to dualities see e.g. 11]. 

In this paper we focus on the interpretation of T-duality as a canonical transformation and 
study the simplest case, where the target space has one abelian isometry. One question we 
want to answer is whether it is possible to find the T-duality transformation in the phase 
space formulation of the N = (1, 1) supersymmetric sigma model. This question was also 
addressed in [12|, the manifest transformation given therein is only valid on shell, hiding 
the transformation of the conjugate momenta. Here we study the phase space formulation 
of the N = (1, 1) supersymmetric sigma model ]l3|j. We find the T-duality transformation, 
valid off-shell, for the N = 1 phase space superfields and give it explicitly. We also find 
that it is a symplectomorphism. 

It is known since 14] that supersymmetry and target space geometry has a deep relation. 
The concept of Generalized Complex Geometry was introduced in [15| and later developed 
in |i~6|]. T-duality in Generalized Complex Geometry has previously been addressed in 



1 17, 18]. The connection between Generalized Complex Geometry and supersymmetric 



sigma models has been extensively studied [19, |2C], 21, [2^, |2^]. For reviews see [24, 25]. For 



example, in the phase space formulation [|l^] of the N = (1, 1) sigma model, extending the 
supersymmetry to N = (2,2) requires the target space to be generalized Kahler [26] and 
to N = (4, 4) requires the target space to be generalized Hyperkahler |27|, ^§ • 

Whether or not the extended supersymmetry survives the T-duality transformation can 
be studied using Generalized Complex Geometry. In this paper we study the N = (1,1) 
sigma model and its extended supersymmetry. We assume that the target space has an 
isometry, the direction in which we T-dualize. We find the explicit T-duality transformation 
of a generalized complex structure and find that its T-dual also is a generalized complex 
structure, implying that the extended supersymmetry survives the transformation. Hence, 
we explore the results of [17] in a sigma model framework. To have extended supersymmetry 
the model has to have a generalized Kahler or generalized Hyperkahler target space, and 
thus it should be emphasized that we in this paper study the T-dual of generalized Kahler 
and of generalized Hyperkahler geometry. 

The paper is organized as follows. In Section 2 we briefly review two dimensional superspace 
and introduce the N = (1, 1) supersymmetric sigma model. In Section 3 we describe how 
to find the phase space formulation of this model. In Section 4 we study the gauging 
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procedure that give the T-dual model. In Section 5 the T-duality transformation for 
the phase space formulation is derived. We also show that it is a symplectomorphism. In 
Section 6 we formulate the T-duality transformation in terms of matrices acting on sections 
of TM © T*M, we also find the transformation of a generalized complex structure in this 
model. Section 7 is devoted to proving the integrability of the T-dual generalized complex 
structure. In section 8 we comment on different amount of extended supersymmetry. In 
Section 9 we give two explicit examples of T-dual spaces and in Section 10 a summary and 
open questions. 



2. The TV = (1, 1) supersymmetric sigma model 



In this section we state the relevant properties of two dimensional superspace and formulate 
the N = (1, 1) sigma model on this space. For more details see [26|. 



In two-dimensional superspace we denote the two spinor coordinates by 6 , the spinor 
derivatives by D± and the supersymmetry generators by Q±. They obey the relations 

D 2 ± = i(d ±d 1 ), {D+,D_} = 0, Q± = iD ± + 26 ± (d ±d 1 ). (2.1) 

The supersymmetry transformation of a superfield <3? is given by 

6&> = -i(e + Q + + e-Q_)^. (2.2) 

We now formulate the manifest N = (1, 1) sigma model in two-dimensional superspace and 
review the results of 2£j. The action is given by 

S=^J dVd0+d0- D+S^D- (2.3) 

where E^ u (<fr) = g^ u (<&) +b^ u (^>). This action is invariant under the additional supersym- 
metry transformation 

5<f>" = e+J{ +)u D+* v + e-J^D.V (2.4) 

if J(_i_) are two complex structures that satisfy J\±)9J{±) = 9 and V^J(±) = 0, where 
is the covariant derivatives with the torsionful connections = ± g~ 1 H . 

The Levi-Civita connection is denoted by 1^°) and H is the 3-form field strength of b, 
H = db. This geometry is called bi-Hermitean. Since are two independent parameters 



the transformation (2.4) define one additional left going and one additional right going 
supersymmetry. Thus, the sigma model has N = (2, 2) supersymmetry if the target space 
is bi-Hermitean [EHJl. 



3. Phase space formulation of the sigma model 



Since we eventually want to find the T-duality transformation in the phase space formu- 
lation of the above sigma model (2.3), we now review this phase space formulation. We 
follow the lines presented in [26]. 
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To find the appropriate phase space formulation we introduce the new odd coordinates and 
spinor derivatives as 



aO _ l 



D = ^(D + + iD_), D 1 = j-(D+-iD-). (3.1) 
The derivatives satisfy the algebra Dq = id±, D\ = id\, {Dq,Di} = 2id$. 



We want to perform the 9 integration in the action fl2.3| ) and for this we introduce the 
N = 1 super fields 

<f>» = $"| fl0=0 , = 9^D ^\ e0=0 . (3.2) 

We also define D = Di\ e o =0 , 9 = 9 , a = a 1 and d = d\. 

Changing the action ( (2.3j ) to the new coordinates and performing the integration over 9°, 



(3.3) 



by use of f d#°(-) = Dq(-)\qo =0 , gives the phase space action 

S = / d(J ° ({/ d(jd9 " b^D^do^ - Hj , 
where we identify the Hamiltonian as 

H = \ J dad9 (p 2 ^D^g^ + S„DS v gT + S v g v °T^ 

+ D^DpSpH^P - ^S^SpH^p) . (3.4) 

Here, is the Levi-Civita connection and Hp Up is the 3-form field strength of bp U defined 
by Hp U p — 2 (b/iv,p ~i~ bvp,[i ~t~ bpp^y). 

The first term in (|3.3j) is the Liouville form that defines the symplectic structure uj = 5Q, 



which in turn gives the Poisson bracket as 26] 

{ F, 0} _ ,J d,d« ^_ — - — — + 2— tf^— j . (3.5) 
The functional derivatives are defined by 

SF= I Me {^ + w sr ) = I dade { ss ^ +sr w) ■ (3 ' 6) 



The Hamiltonian (|3.4j ) is invariant under the manifest supersymmetry transformation [26] 
5^ = -ieQp, 5^^ = -ieQSp, (3.7) 

and under the non-manifest supersymmetry transformation 

hp = eg^S v , hSp = ieg^dtf + eS x S a g x »T° p . (3.8) 
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Further, the two generators 

S?(e) = ~\j dadO e (2D^S V J^ + D^D^L^ + S^Pft) , (3.9) 

with i = 1, 2, generate transformations as S^cfi^ = {<^, Q^e)} and 5^ = {S^, Q^ie)}, 



where the bracket is given by (3J3). For the Hamiltonian to have extended supersymmetry, 



i.e. that the transformations generated by Q% or are supersymmetry transformations, 



the target space must be a generalized complex manifold |13|] and the tensors , and 
Lu\ must define if-twisted generalized complex structures 1 J\ and as 

V ^(l) / V W J (2) J 

The condition that the bracket between and Q% should give rise to the Hamiltonian 
|[4|), i.e. {Q^(ei), Q^ 2) (e 2 )} = 2* ei e 2 ft, requires that 

-J1J2 = (° g 9 Q 1 1 = £ and [Ji, Ja] = 0, (3.11) 

where Q is a positive definite generalized metric on TM ®TM* . Further, the Jacobi iden- 
tity for the bracket ( |3.5| ) imply that the Hamiltonian is invariant under the transformations 
generated by Q-ip and Q^P ■ The conditions ( p. 11 ) imply that the target space is a gen- 



eralized Kahler manifold, which is the main result of |]26|| . In [16| it is shown that the 



bi-Hermitean geometry J29[ | is equivalent to generalized Kahler geometry [ |16| |. 

4. T-duality of the iV = (1, 1) supersymmetric sigma model 

Next, we review the method of performing the T-duality transformation as a gauging, and 
subsequent gaugefixing, of an isometry in the manifest ./V = (1, 1) sigma model, following 
the lines of fl3C 



Consider the theory on a manifold with one compact direction, being a circle S , such that 
there is an isometry described by the Killing vector k along the compact direction. We 
thus have C^g = 0. Further we assume that Lyb = 0. This implies that the action ( p.3[ ) is 
invariant under the isometry transformation 

5i(a)^ = ak»(<f>), (4.1) 

which is the transformation we now want to gauge. 

If M = B x S 1 we can go to adapted coordinates, such that k 11 = (1,0, ...,0). We then 
expand the action fl2.3|) by letting fi = (0, m) and v = (0, n), where m,n = 1, D—l. Next 
we gauge the isometry by introducing the gauge fields A± and add a Lagrange multiplier 



1 For the definition of a H- twisted generalized complex structure see section [?] or Jl3| 
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to ensure that A± is pure gauge. The action becomes the so called parent action and 
is given by 



S = 1 J dVd#+d#~{ (D + $° + A+) (D_$° + Aj) goo 



+ (D + $° + A + )D^ m E 0m 
+ D + $ m (D^° + A J) E m0 



+ D + $ m D-§ n E mn - <l° (D + A_ + D_A + ) }. (4.2) 



This action is, as a consequence of (|2.1J), invariant under the local gauge transformation 
<5$° = e, SA ± = -D±e. 

By variation of <t° and A± we find the equations of motion 

0=D + A_ +D_A + , (4.3) 
=D + $° + (D + $° + A+) g 00 + D + <S> m E m0 , (4.4) 
= - + + AJ) goo + D_<S> m E 0m . (4.5) 

Equation ( [4.3] ) imply that A± = D±A, for some scalar superfield A. Hence we find, as 
claimed, that A± is pure gauge. 

Integrating out $°, using its equations of motion, give us back the original action if we 
note that A only gives a shift of the origin of the periodic coordinate $°, or equivalently if 
we fix the gauge A = 0. 

If we integrate out A± instead, fix the gauge A = — <£>° and identify the Lagrange multiplier 
$° as the new coordinate we obtain the T-dual action 

S=^J d 2 <7d0+d0- D+^D-^E^. (4.6) 

where = ($°, <E> m ) and E^ u = g^ u + b^ u . The T-dual metric and 6-field are given by the 
usual Buscher rules |j 

1 ~ bom - _ 90m90n ~ ^Om^On 

500 — i 90m — j 9mn — 9mn 

500 500 500 

7 _ 50m T . 90mbon — bomdOn (A „\ 

UQm — , Omn — O mn . I 4 - ' J 

500 500 



5. T-duality transformation in phase space 



The easiest way to find the T-duality transformation in the phase space formulation is to 
perform the reduction to N = 1 superfields of the equations of motion, Q4.4j ) and ( [1 ,5| ) . 

The original coordinate in the isometry direction, $°, was obtained by choosing the gauge 
A = 0. This implies that we must use this gauge to find a relation between $° and the 
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T-dual coordinate <£°. Using this gauge and performing the transition ( f3.ll ) to the new 
odd coordinates and spinor derivatives turn the equations of motion ([O]) and ( |4.5[ ) into 



l>° 



(5.1) 
(5.2) 



We now reduce these equations to N = 1 fields. First, observe that the T-dual N = 1 field 
S^ must be defined with the T-dual metric, i.e. S n = g^uDo^ u \e =o- Secondly, note that 
3> m = i.e the components of along the space B does not change under T-duality. 



Forming So 

S = -D<ff 



g 0l/ D $ u \ e0=0 

90m 



and S m = g mu D ® u \ e o =0 , and using (pTT|) and (|3^2|) give 



5oo 



-D(j} n 



90n 



90r< 



Sn ~ —S + b 0n D^ + bon—Dcf? 

9oo 9oo 



Reducing fl5.2|) to N = 1 fields immediately produces the relation 

D4>° = -So + b 0m D(/> m . 



(5.3) 
(5.4) 

(5.5) 



These relations define a bundle morphism between X*U(TM T*M) and X*Ii(TM 
T*M), where II denotes the bundle with reversed parity on the fibers and X* and X* are 
pull backs by the bosonic component of <j) and 4> respectively. Thus we have found the 
T-duality transformation as 

AO 



5*0 



— So + bom 

D(j) n 
-Dcj) 



D(j) rt 



90m JJAfn 

goo t 



(5.6) 



300 u u " T u " 900 

where we have introduced spinor derivatives on the fields 4> n . Inverting the transformation, 
we find the inverse T-duality transformation as 

' D(fP = -So - f^D4> m 
D(j) n = D0 n 
So = -D4>° + b 0m D4> m 

Sn=S n + b 0n So ~ + g^Wty" 



(5.7) 



Next, we transform the Hamiltonian fl3.4j ) into the T-dual Hamiltonian. Using the trans- 
formation (^7|) in (|3.4|) a lengthy but straightforward calculation gives 



(5.8) 



H = ~ J dadO [D 2 ~^D^~g^ + S^DS u ~g^ + SpD^~S u ?°t^ 



1 5 c c fjuvp 
2 >~>fj,>-> u Opii 



where the components of the T-dual metric and 6-field are given by (4.7) and the compo- 
nents of the T-dual inverse metric are given by 



~oo 



#oo +9 



OOmOOn, 



~0m 



?0n, 



~mn 



(5.9) 
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This is the correct T-dual Hamiltonian which also can be obtained from the T-dual manifest 
N = (1,1) action ( f4.6| ) by going to the T-dual phase space formulation via a similar 
calculation to the one presented in section ||. Thus the diagram 

S(g,H) — » S(g,H) 

I I (5-10) 

H (g,H) — > H(g,H) 

commutes. 

To show that the transformation ( |5.6| ) is a symplectomorphism, note that it transforms the 
integrand of ( p^ ) as 

J dadd {i (S„ - fe^Z^) - ft} — » 

j dadd {« ^ - b^D^j dofr -H}+do(i J dad6 jpDjA (5.11) 

meaning that the T-duality transformation preserves the form of the Hamiltonian equations 
of motion but changes the symplectic structure and hence the Poisson bracket to their T- 
duals. Thus we find that the transformation behaves as expected and is a generalization 
of a canonical transformation, a symplectomorphism. 



When H is exact we can formulate the transformation ( |5.6| ) as a canonical transformation 
by putting the H-held into the momenta instead of in the Poisson bracket. The generating 
function for the transformation can be found by noting that the phase space action (|3.3|) 
defines the canonically conjugated momenta to (jf 1 as 

P» = i(S^~ b^Df) . (5.12) 

In this picture the independent phase space coordinates are (^ M , P^), which obey the stan- 
dard Poisson bracket relations, but now with the untwisted Poisson bracket, obtained form 
(|3.5| ) by setting H = 0. If we next define the T-dual canonical momenta as 



P» = i (S M - b^Df) (5.13) 

the T-duality transformation (|5.6|) may be written as 

P = -iD4> , D0° = iP o , n = n , P n = P n . (5.14) 

The generating function for this transformation is of the form F = F(<fP, <p n , P n ) and 
found to be 

dadO (i4>°D(f> + n P n ) . (5.15) 
The equations that generate the transformation are given by 



-7- 



with the functional derivatives being defined analogously as the ones defined in (fTfj). 

Now we turn to the question of the isometry. Reducing the isometry transformation ( |4,1| ) 
to N = 1 fields and using C k g = Q gives the transformation 

8i{a)^ = ak», 5i(a)S^ = -ak u >fl S v (5.17) 

where k^ = kP(4>). Since the Hamiltonian (3.4) is obtained by the same reduction procedure 
it is invariant under this reduced isometry transformation. Requiring that a supersymmetry 
transformation generated by a charge like the ones in fl3,9| ) 2 to commute with this isometry 
transformation we find that the i?-twisted generalized complex structure J ', defining the 
transformation, must obey C, k J = 0. This is an essential property of the -ff-twisted 
generalized complex structure that we shall need to prove the integrability of its T-dual in 
section 0. 

In the above construction of the T-duality transformation we have used adapted local 
coordinates such that the isometry direction is the (fP direction. We now want to formulate 
the transformation in a covariant way. For this, note that the target space M = B x S 1 is a 
principal bundle on which we introduce a connection A. Further we introduce a connection 
A and a Killing vector k on the T-dual target bundle M. We require these connections to 
obey i k A = 1 and i^A = 1. In the adapted coordinates these conditions imply Aq = Aq = 1. 

Using the Buscher rules (^7j) we find the T-dual of the H-Reld as 

H 0ab = Ud a ( 9 ^)-d b ( 9 -^)) (5.18) 



2 V \9oo/ V9oo 

H a bc = H a bc — boaHobc ~ — Hq^c ~ &06-^0ca ~ —H() ca — bo c H 0a t> — —H 0a b (5.19) 

9oo 9oo 9oo 

where we, in the second relation, have used HQ ab as a convenient abbreviation. We find 
that if the connections and 3-form field h are given by 

A = d<jP + ^# a , A = #° - b Oa d0 a , (5.20) 
9oo 

2 

hoab = 0, habc = H a bc 90[a-^0|6cl (5-21) 

900 1 

or, written in a coordinate independent way 

A = -^—i k g, A = -^i~ k g, h = H-AAi k H, (5.22) 
Vfc9 «fc^9 

we can write H = dA A A + h and H = dA A A + h. The 3-form field h satisfies i k h = 0. 
Further, note that in adapted coordinates the fields H and H are independent of the 
isometry direction, hence they satisfy C k H = and £ k H = 0. With these definitions the 
T-duality transformation (|5.6| ) can be written in a covariant way 

A^Dr = -WS^ 

k»S» = -A,Dr , 23) 

(6H + k»kP~b pv )D§ v - P&Sp = (6H + k^kPb pu )D(P v - k»kPS p y ' ' 



{5»-k»A fl )S v = {6»-k»A fl )S v . 



2 This supersymmetry transformation is given explicitly in 
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6. Matrix formulation of the T-duality transformation 



In this section we formulate the T-duality transformation in a matrix form. This enables 
us to find the T-dual generalized almost complex structure in this model. We give its 
components explicitly. 

We begin by defining a section A of the pullback X*U(TM © T*M) and A a section of the 
T-dual space X*U(TM © T*M) as 



A 



/ DcjP \ 
Dcf) m 
So 
\ S m J 



A 



( D~f\ 

So 
\ S m J 



(6.1) 



Since the T-duality transformation ( |5.6| ) and its inverse (^]7]) naturally act on A and 

> TM © T*M and its inverse 



A we define the bundle morphism T 
I 1 : TM © T*M — > TM © T*M as 

/ b 0m "I \ 

o o o 

-l -asm. o 

, 900 

\b n 



TM © T*M 



gom 
goo 

OQn90m 90n SjTl 

goo goo n 



I q gom 
I goo 



T~ 



) 



5" 
in 

bom 








o \ 





\ _90n gOnbp 

\ 900 900 



and d5 



bonC J 

are written as A 



(6.2) 



TA and 



With these definitions the transformations (^ 
A = T _1 A. Note that performing another T-duality transformation of the T-dual space is 
the same as taking the inverse of the original T-duality transformation, i.e T = T~ 1 , where 
we use the Buscher rules (4.7) to find T. Hence TT = l2dx2d, as expected by T-duality. 

The natural pairings 1 on TM © T*M and on TM © T*M are both given by 

/o 1 \ 



OS- 



(6.3) 



10 

\0C0 o / 

and we find that I = T l TT . This means that T S 0(d,d) and hence leaves the inner 
product (A, B) = A l 2B invariant. 

Next we write the .ff-twisted generalized complex structure J : TM@T*M — ► TM@T*M 



and the T-dual map J : TM ®T*M 
( - Jn° - J° P 0m \ 



TM © T*M as 



J 



J o 

jn jn pnO pnm 

-J J m r r 



Lom 

\ Ljio L rirn 



4 



■J(\ 



jO jr, 



( 



J 



J 



J o 
- f n 



-J° 



TO 

Lom 

\ Lfio L nm 



P 0m \ 

pnO pnm 



J, 







t0 jr, 



(6.4) 



A generator of the extended supersymmetry ( |3.9[ ) defined by the i?-twisted generalized 



complex structure J can be written in this language as [13| 
1 

~2 



Q 2 (e) 



dad^e(A,.7A). 



(6.5) 



-9- 



For the T-dual space to have extended super symmetry the map J in the generator 

Q 2 (e)=-^Jdadee(A,JA). (6.6) 

must be an .fT-twisted generalized complex structure. We now relate the generators Q2 
and Q2 by noting that 

(A, J A) = (TA, JTA) = A t T t lJTA = A t lT^ 1 JTA = (A, T~ 1 JTA). (6.7) 

Hence, for Q 2 to be the T-dual of the generator Q 2 we need that J = T~ l JT or equiv- 
alently J = TJT~ l . This implies that J 2 = — 1 and J l X = —TJ, meaning that J is a 
generalized almost complex structure. To show that the T-dual space has the same amount 
of extended supersymmetry as the original space we need to show that J is integrable with 
respect to the H -twisted Courant bracket, defined by ([Q|), which is the subject of the next 
section. 

The components of the T-dual generalized almost complex structure J = TJT~ l are 
identified as 

tO tO 90m T rn 7 nOm 50m , rjmn ( R Q \ 

J Q — — J Q Jq — OQ m r Oon-T (0.0) 

9oo 9oo 

ja =p a0 +p am90m ^ ^ 

J a — L 0a + OQ a J + OQa Jq 0Q m J Q + 0Q n J a + 0()a»0m-r 

5oo 5oo 

+ b 0a —bonP mn (6.10) 
5oo 

J'a =JI ~ —4 + b0aP° b + bJ-^P™ b (6.11) 

5oo 5oo 

f T 90a T o 90n jn 90a 90m im ,„ 10 \ 

L 0a ~ J a J H J a J (6.12) 

5oo 5oo 5oo 5oo 

f —T Oh o 90n h T™ 9 1 „ T O 90[gbo\b] 
J^ab ~^ab ~ zo 0\a J b] ~ 1 °0[a J b] ~ Z 50[aM)|61 ~~ z J 

1 9oo 1 9oo 9oo 

_ 2 5o[a6oH5on J „ (613) 
5oo 5oo 

P0a = _ ja + bom pma ( g_ 14) 

P ab =P ab . (6.15) 

In these relations we use the convention Ar a u = \ {A a b — Aba)- Note that the above rela- 
tions hold also for the untwisted case, i.e. when H = 0. 



7. Integrability of a T-dual generalized complex structure 

In the previous section we found an explicit expression for how an i?-twisted generalized 
complex structure transforms under T-duality. We also found that the T-dual object, J7", 
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is a generalized almost complex structure and in this section we turn to the question of 
integrability. 

We begin by defining what we mean by integrability Let X + £ and Y + rj be smooth 
sections of TM © T*M. In agreement with |13|, |26|], we define the ii-twisted Courant 
bracket by 

[X + e, Y + V ] H = [X + £, F + r/] c + i x iy# (7.1) 
[X + £, y + q] c = [X, Y] + £ X 77 - Lyi - \d (i xV - iyO (7.2) 

where [-,-]c is the Courant bracket and [•,•] is the standard Lie bracket on TM. For a 
generalized almost complex structure J to be integrable with respect to the ii-twisted 
Courant bracket we require that its +i eigenbundle is involutive under the ii-twisted 
Courant bracket. An H- twisted generalized complex structure is a generalized almost 
complex structure that is integrable with respect to the H- twisted Courant bracket. 

By consistency, the T-dual J has to be integrable. This follows because, since the algebra 
of the generators of the extended supersymmetry does not change under the symplectomor- 
phism the T-dual generators of the form ( |6.6D , are also supersymmetry generators. 
Hence, the corresponding jfW's have to be ii-twisted generalized complex structures and 
thus, integrable with respect to the ii-twisted Courant bracket. However, for clarity, we 
provide a proof of this statement and find that the T-dual of a ii-twisted generalized 
complex structure is indeed a ii-twisted generalized complex structure. 



We follow a slightly modified path of that given in [17| to find a proof of integrability 
applicable to our setting. We shall call a general tensor F invariant if it satisfies C^F = 0. 
The derivation is based on the formulation of T-duality in the papers 31, |32|]. In this 



setting it is required that the fields H, H and J are invariant, which are the properties we 
found in the previous sections. 

The T-duality transformation of an invariant form p on M is given in terms of the connec- 
tions A and A in Q). It is given by |l|, || 



r{p) = ^ [ si e AAA P , (7.3) 



2tt 



where the integration is around the T-duality circle S 1 . Note that J sl A = 2ir. Note 
also that any invariant form p may be written as p = po + Api and that the T-duality 
transformation of this invariant form is r(po + Ap\) = pi + Apo. 

Next define the differential djj = d + HA on M and dg = d + HA on M. It then follows 
that 

T[d- H p) = -d_gr(p) (7.4) 

for any invariant form p. In deriving this equality we use the relations H = dA A A + h 
and H = dA A A + h that we found in section ||. 

Next, we must define the T-duality transformation of sections of X*II(TM © T*M). Let 
V be an invariant section of TM © T*M, we may then write V = Z + f-wx + £ + gA, 
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where Z is a horizontal section with respect to the connection A and £ does not have any 
component in the ^-direction. The T-dual of V is now given by the map 

<p(z + f-^ + ^ + gA^=Z-g-^ + ^-fA. (7.5) 

Here, the transformed Z is a horizontal section of TM with respect to the connection A. 
We transform the section D(j) + S of X*U(TM © T*M), 

l p(D<p + S)=<p((D<j>-A(D ( t>)-^ I \ +A(D<l>)^+(s a -^So > \d<t> a + SoA\ (7.6) 

- A(D<j>)-jl) - S i + (s a - ^S ) d4 a ~ A(D<f))A (7.7) 
dA) dA V 5oo / 

=L>^-^ + J D^°- T + 5 a ^ a + 5o#°. (7.8) 
d(p a oA 



This, together with ( 5.2CQ , enables the identifications of the transformed component fields. 



We find the T-duality transformation ( |5.6| ) and hence the map ( |7.5| ) is indeed the correct 
transformation. In section || we found that that the T-duality transformation preserves the 
natural pairing and thus ip G 0(d,d). 

The product of a section V = (Y + rj) of TM © T*M and a form p is defined as V ■ p = 
(iy + f?A)p. It follows that for invariant sections and forms the following relation holds 

T(V-p) = -<p(V)-T(p). (7.9) 
Moreover we need to know how the H-twisted Courant bracket transforms under T-duality. 



It is possible to write this bracket in terms of the differential du as ]17 



[Vi, V 2 ] H ■ P =\V X ■ V 2 ■ d.HP + \d- H (Vy -V2-P) 

+ V l ■ d^ H {V 2 ■p)-V 2 - d- H {Vx ■ p). (7.10) 



Using Q, Q and ( ff7T0| ) we find that 



<p(lV 1 ,V2}H) = WV 1 ),<p(V 2 )]j i . (7.11) 

Now let L C TM(BT*M be the +z-eigenspace of a //-twisted generalized complex structure 
J then ( 7.11] ) tells us that for any A,B € tp(L) the bracket L4, .B]s € <p(L), meaning that 



(p(L) is closed under the //-twisted Courant bracket. Further, <p(L) is maximally isotropic 
since ip € 0(d,d). This implies that <p(L) is the +z-eigenspace of a //-twisted generalized 
complex structure J = <p{J)- 

Since we know from section |6| how a //-twisted generalized complex structure transforms 
under T-duality we have that J = <p(J~) = TJT~^ is integrable with respect to the H- 
twisted Courant bracket. We thus conclude that, given a //-twisted generalized complex 
structure J on TM © T*M such that C^J = 0, its T-dual J is a //-twisted generalized 
complex structure on TM © T*M. 



-12- 



8. T-duality and extended supersymmetry 



Above we have found that the T-dual of a -ff-twisted generalized complex structure is 
a ii-twisted generalized complex structure. We now relate this result to the amount of 
extended supersymmetry. 



Since the generator Q2 in fl6,5|) of extended supersymmetry demands that the map J is a 
ii-twisted generalized complex structure and the T-dual J is integrable with respect to the 
H- twisted Courant bracket, if the extended supersymmetry commutes with the isometry 
transformation ( |5.17| ) we conclude that the T-dual generator Q2, defined by J through 
( |6.6| ), is a generator of extended supersymmetry in the T-dual model. Hence the amount 
of extended supersymmetry is preserved under T-duality if the extended supersymmetry 
commutes with the isometry transformation Q5.17| ). 



For concreteness, we have seen that the N = (1,1) sigma model (2.3) requires two gen- 
erators and Q2 to have extended N = (2, 2) supersymmetry and that this in turn 
requires the target space to be generalized Kahler [26]| . If one of the extended supersym- 
metries commutes with the isometry transformation ( p. 17 ), as a consequence of ( |3.11 ) the 
other does as well. Then, the T-dual of this model has the two T-dual generators of ex- 
tended supersymmetry and Q 2 ■ For these T-dual generators to obey the correct 
supersymmetry algebra the target space is again required to be generalized Kahler. 

Further, the sigma model with N = (4, 4) supersymmetry is required to have a generalized 
Hyperkahler manifold as target space (27], |28|. Since we have shown that when the isom- 
etry transformation ( |5.17| ) commutes with all the extended supersymmetries they survive 
dualization, the T-dual of this model also has N = (4, 4) supersymmetry and hence its 
target space also has to be generalized Hyperkahler. 



9. Examples of T-dual spaces 



From the transformation of a H- twisted generalized complex structure J, (|6\8- 6,15| ), it is 
easy to find explicit examples of T-dual manifolds. 



9.1 The T-dual of a complex manifold 

A complex manifold is described by a generalized complex structure as [16] 



J 




(9.1) 



where J is the complex structure. We consider this space to have a compact direction 
S , in which we perform the T-duality. Further we need C^J = 0, where the k specifies 
the direction of the S 1 . By use of ( |6lj| |6.15 ) the T-dual ^-twisted generalized complex 
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structure is, in adapted coordinates, found to be 



J 



/-J ° -J° P ob \ 
-J 6 a P a0 
L ob J ° 

V L a Q L ab j° j b y 



(9.2) 



where the components are 



fO _ _ tO _ 90m jm 

— ^0 ~~ J o 

5oo 



90m T m 



9oo 



90a 

9oo 



bomJQ 1 + bonJa 



jb _ jb _ 50a jb 



9oo 







Loa — J'. 



90a T o . 90n 



500 
y 0[a<4] 



- 7 r ' 

"/I 



500 



iab = — 2bn\„Ju — 2-^ L bn\ n Jl 



9oo 



} 0[a-J b \ 



90a 90m T m 

J 

9oo 9oo 

50[a^0|b] t0 o 50[<A|6] 50n 



5oo 



■Jn 



9oo 9oo 



p 



Ou 



ja 
Jn . 



(9.3) 
(9.4) 
(9.5) 
(9.6) 

(9.7) 
(9.8) 



Note in particular that the T-duality transformation take the complex manifold into a 
manifold that is no longer complex but generalized complex. 



9.2 The T-dual of a symplectic manifold 



The generalized complex structure of a symplectic manifold is given by [|T(| 



J 



-uT 
uj 



(9.9) 



where u is the symplectic structure. As in the previous case we consider the symplectic 
manifold to have a compact direction S 1 , specified by k, such that C^u = 0. Performing 
the T-duality transformation in the S 1 direction and using (|6~8H6~15l) the T-dual fz-twisted 
generalized complex structure is, in adapted coordinates, given by 



J 



J o 



- 7° 
J b 



ja to r> 
~ J ~ J b r 



u0 










L a b 



P 0b \ 
pab 

J 



(9.10) 



- 14 - 



where the components are 



J ° =6 0m (^- 1 ) 0m + y -^b 0n {u~ l ) mn (9.11) 
5oo 

Jg =( w - 1 ) 0a + ^(u- 1 )™ (9.12) 
5oo 

J Q a =^0a + b 0a b 0m ^~ l ) m0 + boabom — iu- 1 )™ (9.13) 

5oo 

J\ =& a(^T + M^ 1 ) 6 ™— (9-14) 

5oo 

Lab =U a b + 2 50[a^bl0 (9-15) 

5oo 

P aa = -b 0m (u- 1 ) ma (9.16) 
P ab = - (uj- l ) ab . (9.17) 



Similarly as for the complex case the T-dual is no longer symplectic but generalized com- 
plex. 



10. Summary and discussion 



We have presented the explicit T-duality transformation of the superfields in the phase 
space formulation of the manifestly N = (1, 1) sigma model. Further we have given the ex- 
plicit T-duality transformation of a -ff-twisted generalized complex structure in this model. 
We have also found that when the extended supersymmetry commutes with the isome- 
try transformation ( 5.17| ) the T-dual generalized almost complex structure is a H- twisted 
generalized complex structure, which implies that T-duality transformation preserves the 
amount of supersymmetry. The T-dual of the N = (2, 2) supersymmetric sigma model 
has N = (2, 2) supersymmetry and the target space of the T-dual theory is generalized 
Kahler, the T-dual of the N = (4, 4) model has N = (4, 4) supersymmetry and requires a 
generalized Hyperkahler target space. We have also given two explicit examples of T-dual 
spaces. 

To prove integrability of the T-dual generalized almost complex structure we have assumed 
that the extended supersymmetry commutes with the isometry transformation. This real- 
izes the the extended supersymmetry of the T-dual sigma model in the same way as in the 



original model and no non-localization of the supersymmetry occurs, c.f. 12]. It would be 
interesting to examine in which way the extended supersymmetry in the T-dual model is 
realized, if realized at all, when L^J ^ 0, i.e. when the extended supersymmetry does not 
commute with the isometry transformation ( 5.17| ). 

It would further be interesting to examine if the covariant form of the T-duality trans- 
formation ( 5.23 ) is still a symplectomorphism transforming the Poisson bracket and the 
Hamiltonian to their T-duals. If this is the case it would mean that the above results are 
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valid even for non-trivial circle bundles 

M< — S 1 

I 
B 

that is, even when an adapted coordinate system does not exist. Further, it would be 
interesting to generalize the results to more general torus principal bundles. 
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